The problem of finding global minima of nonlinear discrete functions arises in many fields of practical matters. In recent years, methods based on discrete filled functions become popular as ways of solving these sort of problems. However, they rely on the steepest descent method for local searches.
Introduction
The discrete optimization of a nonlinear function, constrained to a box region is, in general, a problem hard to solve. Even in simple cases such as polynomials with a few variables, reaching the global minimum can be a task of high complexity as was shown in [4] . Moreover, the existence of multiple local minima may cause that an optimization algorithm stops at one of such minima, eventually giving minimizers of poor quality.
The ways to overcome the last issue include metaheuristics methods such as tabu search or simulated annealing and also exact methods as branch and bound, cutting planes or Lagrangian relaxation.
In recent years, a technique that makes use of an auxiliary function to escape from local minima, known as the filled functions approach, has gained attention.
Ge [2] , [3] originally introduced the filled function method for continuous optimization. Later, Zhu [11] carried that technique into the field of discrete optimization. Several discrete filled functions were invented with one or more parameters and with additional features. However, in all cases, the discrete steepest descent algorithm is employed in the search for a local minimizer. The use of that algorithm poses somewell known limitations in the effectiveness of the optimization procedure. Even more, that choice conditions the definition of a filled function. For example, regarding a basin as a set of points that converges to a local minimum with the steepest descent algorithm.
Besides that, much of the efforts made over the years to have powerful continuous or discrete optimizations algorithms suggest that to constrain the definitions of a general method to a specific algorithm can be hardly considered as a reasonable approach. As will be shown, much can be gained preserving only the essential features of the process, while leaving other aspects unspecified, such as the local search procedure.
However, certain conditions need to be assumed over that procedure expected to be satisfied if an optimization algorithm is good enough.
As a consequence, new definitions are needed, maintaining some level of accordance with the old ones.
Moreover, a new filled function with some additional useful properties is desiderable. For instance, a useful result is that a good continuous global optimization algorithm applied to the new filled function gives an approximation to the discrete solution of the problem (see Theorem 4) .
The main contribution of this paper is to present a new filled function which is independent of the chosen nonlinear optimization algorithm, allowing in such a way to use the most powerful methods available nowadays like those based on trust regions, etc (see for instance [7] ). In this sense, the performance problems observed in the classical filled functions approaches are mainly due to the use of the elementary gradient descent algorithm.
The paper is organized as follows: section 2 gives preliminary notions and notation as well as the new concepts. Also, key results relating the new definitions with the previous ones are provided. Section 3 introduces the concept of a filled function related to a general optimization algorithm. Section 4 shows one filled function verifying these definitions. Finally, section 5 shows computational experiments with test functions and compares the results with other in the literature.
Notation and Definitions
The set Z n = Z × Z × . . . × Z (n times) is the set of the n-tuples (x 1 , . . . , x n ) with x i ∈ Z, i = 1, . . . , n. The vector e i ∈ R n is the elementary vector i, such that the i-th component is 1 and all other entries are zero.
If x ∈ R n , then [x] is the point x with rounded entries, that is
The definitions for a basin, a discrete path, and others are the same as those in the literature (see, for example, [2] ). A basin in that, typical sense, will be called usual basin or u-basin for short.
As always, a ← b means that a takes the value of b. Although we do not want to constrain our definitions to a particular local search algorithm, some assumptions about C must be made. However, those assumptions are expected to be satisfied by most of the local search procedures.
C will be a continuous, deterministic optimization algorithm that takes a function f : R n → R bounded from below, an initial point x 0 ∈ R n and returns x ∈ R n with the following properties:
Definition 1 A basin B * of f at x * , a local minimizer of f (not necessarily a discrete local minimum) is the set of all points which converge to x * with C, that is:
Definition 2 A discrete basin B * e of f at x * , a discrete local minimizer of f (but not necessarily a local minimum) is the set
From hereafter the concepts of basin or u-basin will be understood as the discrete versions of them.
The hypothesis A2 guarantees an essential property of the basins:
Proof Let B * be a basin of f at x * and x ′ , x ′′ ∈ B * . By A2 there are discrete
x ′′ } is a discrete path and has all its points in B * .
It is important to point out that if C is a good algorithm then any point that converges to x * using the steepest descent, converges with C to a point at least as good as x * . That justifies the last hypothesis over C.
. The order relation for the basins is the same as in the case of u-basins. Namely, if B * and B * * are two basins of f at x * and x * * respectively, then B * * is lower than
D2 F has not discrete local minimizers in B * or in any basin of f higher than B * . D3 If f has a basin B * * in x * * lower than B * , then there is a point x ′ ∈ B * * that minimizes F in the discrete path {x * , . . . , x ′ , . . . , x * * } in X.
The following theorem shows that Definition 2 preserves the properties of the discrete filled functions.
Theorem 2 A discrete filled function with u-basins, satisfies the conditions D1, D2 and D3 with the Definition 2 of a basin.
Proof The first condition does not depend upon the definition of a basin, so there is no need to prove anything for D1.
For the condition D2, assume that B * * and B * are two distinct basins of f at x * * and x * respectively and, by contradiction, B * * is higher than B * and x ′ ∈ B * * is a local minimizer of F .
Let U 1 be a u-basin of f at x 1 and x ′ ∈ U 1 . Considering the u-basin U * of f at the discrete local minimizer x * , by D2 the discrete local minimizer x ′ of F cannot be in an u-basin higher than U * , therefore f (
It remains to show that F cannot have a local minimizer in B * . But, if x ′ is a local minimizer of F in B * , then x ′ belongs to an u-basin U 1 , which, by A3 is higher than U * or is U * contradicting D2 due to the definition of an u-basin.
For the last condition, suppose that x * is not a global minimizer of f and let {x * , . . . , x ′ , . . . , x * * u } be the discrete path in D3 according to u-basins. Now we have to prove that there is a discrete path {x * , . . . , x ′′ , . . . , x * * } with x ′′ ∈ B * * the minimizer of F in that path and B * * a basin of f in x * * lower than B * , the basin o f at x * .
The proof goes by cases:
i. x ′ is a discrete local minimizer of F : Then x ′ is in B * * , a basin of f in x * * lower than B * , by the previous condition, D2. It is enough to extend the path
, and take the element that minimizes F in the set {x ′ , x 1 , . . . , x * * } as the minimizer of F in the path σ 1 σ 2 = {x * , . . . , x ′ , x 1 , . . . , x * * }. The existence of σ 2 is guaranteed since a basin is a connected set. ii. The path σ = {x * , . . . , x ′ , . . . , x * * u } is in the same basin B * , and x ′ is not a local minimizer of F : It is enough to take x ′ and a descent path σ 1 = {x ′ , x 1 , . . . , x n } of F with x n a discrete local minimizer of F . By the previous condition, x n is in a basin B * * of f in x * * , lower than B * . It suffices to concatenate the path σ 1 with some path σ 2 = {x n+1 , . . . , x * * } in B * * and choose the minimizer of F in the set {x n , x n+1 , . . . , x * * } as the minimizer of F in the path {x * , . . . , x ′ , . . . , x n , . . . , x * }.
iii. The path has points in at least two basins and x ′ is not a local minimizer of Otherwise, if x ′ ∈ σ 1 , as σ 1 has all its elements in the same basin, case ii. holds.
A filled function is usually constructed as an auxiliary function from the target function. As an example, if the target function is f , it is proved in [5] that
(2) is a filled function of f for adequates values of µ and ρ.
From x * a local minimizer of f , it is expected that the minimization of the filled function give a new point x ′ which is not necessarily a local minimizer of f but can be used as initial point for a minimization algorithm of f and as a result of that, a local minimizer x * * = x * with f (x * * ) ≤ f (x * ) will be found.
Generic Algorithm for Discrete Filled Functions
The generic algorithm used in the optimization process with filled functions here is the following:
Step 1. Initialization.
Choose a starting point x 0 ∈ X. Let q = 2n. Set the bounds of each parameter of the filled function F . Initialize the parameters. 
Filled function with respect to an algorithm
The usual definition of a discrete filled function assumes that the local search is made using the steepest descent method. It will be advantageous that the definition does not rely upon a particular algorithm because in such a way more powerful local search methods can be employed.
Definition 4 Let x * be a local minimizer of f : X → R, B * the basin of f at x * and C a deterministic optimization algorithm that satisfies the hypothesis A1-A3. Then F is said to be a filled function of f at x * with respect to C if:
DC1 : x * is a strict local maximizer of F . DC2 : For any x if x ′ ← C(F, x) and [x ′ ] is a discrete local minimizer of F then
The second condition prevents that the optimization procedure ends at points such that the value of f increases.
A filled function with respect to C
Let F (x * , .) : R n → R a discrete filled function of f at x * (in the usual sense). DefineF : R n → R aŝ
(in the definition the short notationF is used instead ofF (x * , .)). Note that F (x * , x) =F (x) for all x ∈ Z n . The function defined by the previous expression can be seen, informally as a wrapper for an existent filled function that made it suitable to be used with an arbitrary local search algorithm C (for example a continuous one) and additionally keeps the discrete nature of the problem.
The goal now is to prove that if F is a discrete filled function of f , it can be translated into a filled function of f with respect to C.
Theorem 3 If F is a discrete filled function of f at x * and B * is the basin of f at x * , thenF defined as above is a filled function of f with respect to C at x * .
Proof If F satisfies D1 thenF trivially satisfies DC1 by the previous remark in the definition ofF .
If [x ′ ] is a discrete local minimizer of F , then it is also one ofF . By D2, [x ′ ] cannot be in a basin of f higher than B * , so if
An Additional Property ofF
As the algorithm C may be a continuous algorithm, the computation of C(x,F ) solves the problem of minimizingF without the integrality constraints. So is worthy to know the amount of error that the continuous relaxation of the problem introduces. The following proposition establishes an upper bound of that error.
Theorem 4 Let x ′
c be the point obtained in the step Step 4.i. of the algorithm 2.1 (before rounding), with the filled functionF . Let
In particular, ifF (x * ) = 0 then n i=1 δ 2 i < 1 4 .
Proof Since x * is a strict local maximizer ofF thenF (x * + e i ) <F (x * ) for all i. More over, by the assumption A1 over C,F (x ′ ) <F (x * ). Because x * is in Z n ,F (x * ) = F (x * ) and by the definition ofF
It is well known that 2 π < sin(y)
Finally, being sin(x i π) = sin(δ i π), the inequality (4) gives
and the result follows.
In particular, ifF (
Implementation and Numerical Results
In the following we present a complete algorithm for the optimization of a discrete function using a filled function. It allows the restart of algorithm 2.1 from the best obtained point. Also, if there is no improvement between successive iterations, an element in the discrete vicinity is chosen as the starting point for the next iteration. The algorithm ends after the maximum number of iterations is reached.
Step 1 Let x 0 be an initial point, and m the maximum number of iterations. Set to zero the counters n f u , n f ill for the evaluations of the original and the filled functions. Set i ← 0. Set x ← x 0 as the current point and x g ← x 0 , f g ← f (x g ) as the best point and best value of f . Step 2 Use the algorithm of Section 2 with x as the starting point to obtain a minimizer x ′ of f . Add the number of original and filled functions evaluations to the counters n f u and n f ill .
and make the current point
x ← x g . Else, choose a point x ′′ in the discrete vicinity of x ′ and make
x ← x ′′ . Step 4 Increment i ← i + 1.
Step 5 If i < m go to Step 2. Else, the point x g is taken as the global minimizer.
Implementation
The test code was written in FORTRAN 90 using software for continuous global optimization based on curvilinear searches (see [1] ) as the algorithm C to perform the local search.
Results
The algorithm was tested with several nonlinear functions, three of which are of high dimensionality, using different starting points. For comparison with the literature, functions of few variables were also tested. Four filled functions were used and are those that have already been used in [8] . In all cases, each filled function was modified according to section 4. They are:
-The filled function 1, proposed in [5] .
-The filled function 2, proposed in [6] .
-The filled function 3, proposed in [9] .
-The filled function 4, proposed in [10] .
Problem 1: Rosenbrock Function
The Rosenbrock function is convex, multimodal and n-dimensional. The domain is usually taken to be [−5, 5], so the feasible region contains 11 n points. The unique global minimizer isx = (1, . . . , 1) with f (x) = 0. The expression is
The results for n = 50, 100 are shown in Table 1 . 
Problem 2: Rastrigin Function
This function is convex, multimodal and has n variables. It was evaluate in the region [−5, 5] and has 11 n feasible points. The unique global minimizer is x = (0, . . . , 0) with f (x) = 0. The expression is
The results for n = 50, 100 are shown in Table 3 . 
Other Functions
The others test functions and the results are shown in the appendix. Their expressions, and their global minima are detailed in Tables 4 and 5 . The comparison with other results is given in Tables 6 and 7 . Table 8 shows the results for all the additional functions.
Conclusions
To solve discrete nonlinear optimization problems is always a challenging task. In this field, filled function methods have been proved to be useful. Here, a more general approach to the filled functions methods has been introduced making them more suitable for being used with modern optimization algorithms. We also presented a way to move from standard definitions of the filled functions to the new one and introduced a new discrete filled function with the useful property that a good continuous global optimization algorithm applied to it leads to an approximation of the solution of the nonlinear discrete problem. The numerical results show the improvements over the usual approaches. (1, 1, 1, 1) 0 2 (0, −1) 3 3
(3, 0.5) 0 4 (0, 0, 0, 0) 0 5
(1, 3) 0 6
(1, 1, . . . , 1) 0 7 (0, 0) 0 8 (0, 0) 0 9
(1, 1) 0 10 (0, 0) 0 Table 8 Results. FF is the number of the filled function employed. fg is the minimum reached, n f u and n f ill are the number of function evaluations and the number of filled function evaluations
